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Abstract 


The paper demonstrates that the existing mathematical formulas of linear momentum, force 
and kinetic energy in physics are incomplete, since such formulas have been formulated without 
incorporation of mass-energy equivalence relation E = me. Therefore, new reformulations 
of the main equations of linear momentum, force and kinetic energy in the realm of special 
relativity are proposed. The proposed formulas provide same mathematical outcomes as the 
old formulas, displaying same behavior of the system when velocity approaches to speed of 
light, but, most importantly, comprise only velocity of the light and mass of object to pro- 
vide well-defined expressions. If c be speed of light in vacuum, then, the modified linear 


momentum, force and kinetic energy are given, respectively, by formulas p = cy m? — mo?, 
2( 2 2 
F= Te EE and KE = em) where Mmo denotes the rest mass. These formulas 


vividly reveal that every physical variable depends solely on relativistic mass. Therefore, it 
modifies Newton’s second law of motion and states that the force depends on rate of change 
of relativistic mass of object rather than its velocity. In this highly interesting topic, primary 
purpose here has been to present a succinct and the carefully reasoned account of a new aspect 
of the Newton’s second law of motion which properly allows to derive the new mathematical 
formulas of linear momentum, force and kinetic energy. 
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1 Introduction Philosophiae Naturalis,” [1] which have produced 
most profound effect in entire field of physics to gen- 
erate the mathematical expression of every dynami- 


dnt TO see Teac Newson, pressed thras laws Ot cal variable such as linear momentum, force, kinetic 


motion in his seminal work “Principia Mathematica 
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energy and so on. Linear momentum is a funda- 
mental parameter of physics which is employed to 
provide an accurate mathematical description of ev- 
ery physical phenomenon. There is hardly any field 
of theoretical physics or law of nature which is not 
associated with linear momentum. One of the most 
important applications of the momentum is in the 
formulation of Newtown’s second law of motion [2] 
which states that the rate of change of linear mo- 
mentum is equal to force. In mathematical form: 


d(p) _ d(mv) 

2 1 
dt dt 2 

On the basis of Newtonian mechanics, the kinetic 

energy due to application of this force is given by, 


p=m, F= 


mv? 


KE = 5 (2) 
The earliest known publication with the formula 
(1) is the work by Mach in 1883 in his system of 
mechanical definitions: moving force is the prod- 
uct of the mass-value of body into the acceleration 
inducted in that body [3]. A more extensive anal- 
ysis of equations (1) and (2) can be found in work 
[4]. In Newtonian mechanics, equations (1) and (2) 
were stated with the fact assumption that mass m 
is constant. For over 200 years the equations of 
motion enunciated by Newton were believed to de- 
scribe nature correctly and the first time that an 
error in these laws were discovered. It was discov- 
ered by Einstein in 1905. Einstein gave following 
famous equation called principle of mass and en- 
ergy equivalence [5, 6]. 


E=me (3) 


Where m denotes the relativistic mass and E de- 
notes the relativistic energy (total energy of body, 
means sum of kinetic and resting energy). In 1908, 
Lewis showed [7] that the principle of mass and en- 
ergy equivalence equation (3) implies a relativistic 
mass formula of energy namely equation (4). The 
same derivation is given in Feynman lectures on 
physics [8]. In 1912, Tolman considered the princi- 
ple of momentum conservation in a perfect inelastic 
collision and introduced theoretical dependence of 
mass from velocity based on the relativity principle 
[9]. 


Mo 


(4) 


Where mo denotes the rest mass. Derivations such 
as that by Tolman for relativistic mass are propa- 
gated in several excellent textbooks including the 
famous Feynman’s lectures [10]. During the past 
few decades, many authors have written extensively 
on incorporation of relativistic formulas namely 
equations (3) and (4) to modify Newtonian equa- 
tions (1) and (2). The article [11] presents the orig- 
inal definition of acceleration in the special theory 


of relativity while article [12] presents the formalism 
of relativistic acceleration and velocities in three di- 
mensions of space. The work [13] presents the Ein- 
stein’s mass-energy equivalence and the equation of 
relativistic mass, momentum and energy from the 
Newton’s second law of motion. The article [14] 
presents mass-energy equivalence formula E = mc? 
from Maxwell’s equations. Ref. [15] presents a rela- 
tivistic paradox which exposes the true nature and 
ubiquity of hidden momentum. The work [16] de- 
velops an original derivation of Lorentz transfor- 
mation in three-dimensional space, while work [17| 
shows the variation of mass in gravitational field 
with the use of formula E = mc?. Articles [18], [19], 
[20] presents research on the special theory of rel- 
ativity on De-Broglie wavelength of a particle and 
on electric permittivity and magnetic permeability 
of electromagnetic wave. There are numerous pub- 
lications [21, 22] that examine the various aspects 
of the special theory of relativity. Hu [23] presented 
the derivation of the expression for the relativistic 
momentum and energy of relativistic particle based 
on relativistic addition. Sunego and Pin [24] pre- 
sented a new derivation of the expression for mo- 
mentum and energy of relativistic particle. Adkins 
[25] obtained the special relativistic expressions for 
momentum and energy in a totally inelastic variant 
of the Lewis-Tolman symmetric collision. There are 
many publications on special relativity but, most 
importantly, following questions have not yet ad- 
dressed carefully. Above equation (3) suggests that 
the energy of a system depends solely on the inertial 
mass of system and velocity of light. The question 
then arises, “How do we express the mathematical 
formula of linear momentum, force and kinetic en- 
ergy only in terms of mass and velocity of light as 
that of relativistic energy E = mc??”. This paper 
provides the answer of this question by expressing 
the linear momentum, force and kinetic energy in 
terms of mass and velocity of light, then, in place 
of equations (1) and (2), we have simply, 


cm dm 
Vm? — mo? dt 


2 
Z (m? — m) 


p=cV¥m?—m*, F= 
(5) 
KE = 


Further, mass-energy equivalence principle 
namely equation (3) helps in transforming above 
equations into following form. 


WEE pe E dE 
PO e l VEBA o 
E? — Bo? 


KE= 
2E 


where E, denotes the rest mass energy of system. It 
should be noted that for old theory namely equation 
(1) and (2), both variables mass m and velocity of 
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object v are comprised, while for the modified the- 
ory (5) and (6), only one variable i.e., either mass 
or energy of system is comprised. 

The structure of the remainder of this paper is 
organized as follows. In the section 2, dynamical 
variables such linear momentum, force, kinetic en- 
ergy and de Broglie wavelength are expressed in 
terms of relativistic energy. In section 3, expression 
of linear momentum and force is transformed into 
modified form that involves single variable mass. 
Further, modified formulas are employed to derive 
famous mass-energy equation E = mc”. Some con- 
clusions are summed up in the last section. 


2 Methods 


2.1 Relativistic momentum and force in 
terms of energy 


According to special theory of relativity, whenever 
an object of rest mass mọ is in speed, it seems to 
get heavier. The following equation gives the mass 
of object at travelling velocity v. 


Mo 
m= i (7) 
Vv 
l-a 
2 
or, me = Be 
E 
oz 
or, E = —* . 
TE 
cZ 


Where Ep = moc? is the rest energy and E = 
mce? is the total energy possessed by the object. 
Squaring both sides of above equation we get, 


E? = Eo! 
ee 
or, 1-4 = 
or, Z =1- Eo? 
v P-E? (8) 
e P 


or, 
or, mev = cy E? — E? 
m2 
a my = VEE 
E? — E 
p= 7 c (9) 


where the product of mass and velocity mw = p is 
the momentum of object. This equation (9) gives 
the relation between linear momentum p and rel- 
ativistic energy E of moving object. Above rela- 
tion suggests that linear momentum depends upon 
change in energy of the system y E? — Eg. Also, 


Newton’s second law, in its most general form says 


that the rate of a change of a particle’s linear mo- 
mentum p is given by the force acting on the parti- 
cle. In mathematical form: 
F=% 
dt 
Using equation (9) we get, 


ite 


or, T 7 
p a IV 2?-£6 a(E?—E,”) 
or, = aA EB) dt 
1 2E dE 
Si ps 2c E2-E,2 dt 
E dE 
F (10) 


This result shows the expression of force in term 
of relativistic energy of system. In plain and sim- 
ple terms, it means that force acting on a system 
depends upon change of energy due to relativis- 
tic phenomenon. Equation (9) plays an important 
role to show the relationship between de Broglie 
wavelength and energy of particle. De Broglie 
wavelength is an important concept while study- 
ing quantum mechanics. The wave length A that 
is associated with an object in relation to its lin- 
ear momentum and mass is known as de Broglie 
wavelength. A particle’s de Broglie wavelength is 
usually inversely proportional to its linear momen- 
tum as follows. 

Using equation (9) we get, 

he 


\/ E2 — EB,” 


Equation (11) shows the expression of de Broglie 
wavelength in terms of relativistic energy of the sys- 
tem. In plain and simple terms, it means that de 
Broglie wavelength of particle depends upon change 
of energy due to relativistic phenomenon. Further, 
the formula for kinetic energy KE for a particular 
body in terms of linear momentum is expressed as, 


j= (11) 


2 
ee 


2m 
Using equation (9) we get, 
KE= 1 (==) 
2m È 


E? -E° 
2mc2 


KE= (12) 

— E,*)me 

KE= Ca 3 : 
(m2)? 


Total energy of body is E = mc? 


Hence, KE= ee ne 
or, KE="(1- 5) 
From equation (8) we have, 
KE="$% 
KE = my 


2 
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Above derivation suggests at once that modified 
formula of linear momentum namely equation (9) is 
completely true, since it gives correct expression of 
kinetic energy KE. Therefore, modified expression 
of force namely equation (10) is also true. Equation 
(10) is the basic law of physics on which the relation 
between relativistic energy and force of a system is 
based. 

Rewriting equation (12) we have, 

Kinetic energy KE = rae 
Substituting mc? = E we get, 

Kinetic energy 


E? — B? 
2E 


KE = (13) 

Therefore, the kinetic energy associated with 
body can be accurately determined by knowing only 
relativistic energy. 


2.2 Relativistic momentum and force in 
terms of mass 


In special relativity, the relativistic mass is given 
by, 


m 
m= 2 


where c is speed of light in vacuum and m de- 
notes the mass of body when it is moving with a ve- 
locity v. Then total relativistic energy of the body 
of mass m is given by, 


E= me = mee 
1-4 
z 
The momentum of the body p = mw so that 
v= 
ne 2 
Hence, me = 
p 
1— mec 
or, mc? = —Bes 
1-25 
mic 
2 4 mect 
or, mee = mp eee 
1— m2ct 
2,2 
24 PE ANE 2 4 
or, mch(1— 2) =m, c 
or, mE- pe = moct 
or, pec? = mé- m ct 


(14) 


A particle of mass m moving with a velocity v 
has a wave associated with it whose wavelength ac- 
cording to De-Broglie is given by, 


Py 
Squaring both sides, 
h2 
x p (15) 


From equation (14) and (15), we have 


h? 2 2 
i =(m — Mo 


: (16) 


This is the expression for De-Broglie wavelength 
due to variation of mass with velocity. Thus, equa- 
tion (16) reveals the dependence of wave nature of 
object with relativistic phenomenon. This shows 
that the De-Broglie wavelength associated with par- 
ticle exists whenever mass of particle varies with 
velocity. 

Further, the relationship between kinetic energy 
and momentum is given by 

KE = P?2m 

Using equation (14) 

2 
KE= £ 


(m? — mo) (17) 


2m 


From relativistic variation of mass with velocity 
we have, 


m = no 
1-4 
PE 
Squaring both sides of above equation we get, 
2 
or, m? = To, 
a 
2 
Vv ery mo 
or, 1— Cc — m2 
2 2 
on oe mo 
or, a= m2 
2 m?—m2 
or, = 2 2 
C m zea 
2 2— mv 
or, m“ — m= “z 


Above equation (17) becomes, 
e mlv 
2m, c2 

Kinetic energy KE = “5 

Above derivation suggests at once that modified 
formula of momentum namely equation (14) is com- 
pletely true, since it generates correct formula of ki- 
netic energy. From equation (17) it is seen that ki- 
netic energy completely depends on change of mass 
of body due to relativistic phenomenon. 

Kinetic energy KE = ra (m? — mê) 

Therefore, the kinetic energy associated with 
body can be accurately determined by knowing only 
relativistic mass of body. 


Kinetic energy KE = 


3 Results and Discussion 


According to Einstein, the mass of the body in mo- 
tion is different from the mass of the body at rest. 


Mo 


m= 
1-8 
This is the relativistic formula for variation of 
mass with velocity. Where mo denotes the rest mass 
and m denotes the relativistic mass of body. Squar- 
ing both sides of above equation, 


2 
or, m? = 
12 
cZ 
v? mo 
or, 1— A ge 
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2 2 


m* — Mo 


(18) 


Vv=C 
m 


or, mv = cym? — mo? 

or, p = cV m? — mo? 

The most important consequence of this equa- 
tion is that linear momentum actually depends 
upon the change of relativistic mass. 

From Newton’s second law of motion, 


— dp _ d(mv) 
F= rae 
or, Fam G wE 


on F= me ( eyi me) t 
2 


d 2 
or, F = _ = Fi (1 mar) + ey/1— mo 
zji- a 
dm 
dt 
— cm 2mo? dm _ mo? dm 
or, F= 2 m? dt +cy1 m? dt 
zji- BaF ! 
T E eee E A E 
or, a 2 l m2 dt 
m24/1— To- 
or. F= mê Vm2?2=mo? dm 
: << mV/m2—mo2 m dt 
or, Fa ( mo tmiam” edm 
; m/m2—mo2 dt 
2 
m dm 
Of P= Sams d 
cm dm 
F (19) 


~ Vm? — mo? dt 


Again, the total relativistic energy associated 
with mass m is given by, 


E = me = ee 
{we 
2 os 
or, mé = —— 
my 
Vine 
2 4 m-v 24 
S E e a 
or, m?ct — mvd = moc 
or, mv2c? = mt -mo ct 
or, my? = ( m? -mo )¢c? 


The momentum of a body is p = nw. 
a 2 

c 
p = cy MÈ — Mo? 


Since c is a constant, momentum p depends only on 
the mass of system. 
p a Vm? — mo? 

Above equation (20) is a fundamental formula 
of linear momentum that does not involve velocity 
of body. Thus, linear momentum is always related 
with relativistic mass variation rather than its ve- 
locity. There is immense application of modified 
formula (20) as compare to old formula p = mw. 


2 2 
Hence, p“ = (m — Mo 


(20) 


Since, old formula of linear momentum involves two 
variables m and v. Therefore, it is very difficult to 
find explicit relation between momentum and mass 
due to involvement of another variable velocity v, 
but modified formula (20) involves only a single 
variable mass m. As a result, it is easy to determine 
the clear relationship between momentum and mass 
of object. Rewriting equation (20), 

p = cym? — mo? Comparing this equation with 
linear equation y = ux + C, we get 

y=p, =G, £T =VMm -m , C =0 

It is interesting and instructive to sketch the 
graph between momentum p and Vm? — mo? (mass 
of body) taking them along Y-axis and X-axis re- 
spectively. The slope of graph gives a constant c 
which is the speed of light in free space as shown in 
figure (1). 

The modified formula of linear momentum has 
huge application in physics to perceive important 
ground breaking results such as E = mc’. It gen- 
erates new expression of force that involves single 
variable mass of body and excludes its velocity. Let 
a force F act upon the body in the direction of its 
motion. Force is the rate of change of momentum 
p i.e. 

Pe 

From modified formula of linear momentum 
namely equation (20), 


or, F = 4 (cym? = mo?) 


So oe (21) 


The meaning of this equation is that force F 
upon the body explicitly depends on the rate of 
change of mass of object rather than the change 
of velocity of body. Thus, this formula of force 
namely (21) corresponds to Einstein’s mass energy 
formula E = mc*because both force and energy de- 
pends only upon the mass of the body rather than 
velocity of body. If ds be the displacement of the 
body due to the force, then work done by the force 
is given by, 

dw = Fds 
substituting value of F from equation (21), 


-m dm 
a ear E 
ds 


The velocity of body v = ~ 
Hence, 


CMU 


dw = 5 


mMm? — Mo 
Also, from special relativity, 
c v 


m sym- m? 
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Linear momentum p —_-———-> 


O 


(m2 — m,2 (Mass of body) —————>> 


Figure 1: Linear relation between momentum and mass of body. 


From equation (22) and (23) we get, 
dw = “dm 

or, dw = c?dm 

When mass of the body changes from m, and 
m, then total work done is given by, 
h wee Sn dm 

or, w= (m - mo)? 

or, mÈ = w + me 

where moc? is the energy due to rest mass of the 
body i.e., it’s energy when at rest with respect to 
the observer is called it rest energy moc? . Sim- 
ilarly, mc? is the total energy E possessed by the 
body. Then we have, 

Total energy (E) = Work done (w) + Rest en- 
ergy (Eo) 


E=(m—m,)c + me 


Table 1: Formulas of dynamical variables. 


Dynamical 
Variables 


2 
E= mc 


This is known as Einstein’s mass energy rela- 
tion. Therefore, the modified formula of force given 
by equation (21) is completely true because it gives 
exactly same as Einstein mass energy equation. 


It is interesting and instructive to compare old 
formulas and modified formulas of variables such as 
linear momentum, force, kinetic energy and wave- 
length. In old formulas, dynamical variables are ex- 
pressed in terms of mass m and velocity v of object 
as shown in table (1). Exactly opposite behavior 
occurs when these dynamical variables are modi- 
fied by using relativistic mechanics. As shown in 
table (1), formulas of dynamical variables in mod- 
ified form depend on velocity of light c instead of 
velocity of object v. 


Old formula Modified formula in | Modified formula 
terms of Mass in terms of Energy 
j (ti 


— 


o 
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z E?— E F= E dE 
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